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Curvature properties of some class of warped product manifolds 

Ryszard Deszcz, Malgorzata Glogowska, Jan Jelowicki and Georges Zafindratafa 

Dedicated to the memory of Professor Wlodzimierz Waliszewski 

Abstract. Warped product manifolds with p-dimensional base, p=l,2, satisfy some curvature conditions of 
pseudosymmetry type. These conditions are formed from the metric tensor g, the Riemann-Christoffel curvature 
tensor R, the Ricci tensor S and the Weyl conformal curvature C of the considered manifolds. The main result 
of the paper states that if p=2 and the fibre is a semi-Riemannian space of constant curvature, if n is greater 
or equal to 4, then the (0,6)-tensors R.R - Q(S,R) and C.C of such warped products are proportional to the 
(0,6)-tensor Q(g,C) and the tensor C is expressed by a linear combination of some Kulkarni-Nomizu products 
formed from the tensors g and S. Thus these curvature conditions satisfy non-conformally flat non-Einstein 
warped product spacetimes (p=2, n=4). We also investigate curvature properties of pseudosymmet^ type of 
quasi-Einstein manifolds. In particular, we obtain some curvature property of the Goedel spacetimeo 

1. Introduction 

Let g, V, R, S, k and C be the metric tensor, the Levi-Civita connection, the Riemann- 
Ghristoffel cnrvatnre tensor, the Ricci tensor, the scalar cnrvatnre tensor and the Weyl confor¬ 
mal cnrvatnre tensor of a semi-Riemannian manifold {M,g), n = dimM > 3, respectively. It is 
well-known that (M, g) is said to be an Einstein manifold if at every point of M its Ricci tensor 
S is proportional to the metric tensor g, i.e., S = ^g on M In particular, if S' = 0 on M 
then (M, g) is called a Ricci hat manifold. We denote by Us the set of all points of (M, g) at 
which S is not proportional to g, i.e.. Us = {xeM\S—^ g^t) at x}. The manifold (M, g) 
is said to be a quasi-Einstein manifold if 

(1.1) rank (S —a (7) = 1 

on Us, where a is some function on Us- In particular, if rank S = 1 on Us then (M, g) is called 
a Ricci-simple manifold [I9]. Every warped product manifold M Xp N of an 1-dimensional 
{M,g) base manifold and a 2-dimensional manifold {N,g) or an (n — l)-dimensional Einstein 
manifold {N,g), n > 4, with a warping function F, is a quasi-Einstein manifold (see, e.g., 
[T 2 I Section 1]). We mention that quasi-Einstein manifolds arose during the study of exact 
solutions of the Einstein held equations and the investigation on quasi-umbilical hypersurfaces 
of conformally hat spaces, see, e.g., [29] and references therein. Quasi-Einstein hypersurfaces in 
semi-Riemannian spaces of constant curvature were studied among others in: [221 EDI 1121 SDl El] , 
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see also [29]. We refer to [121 Il2] for recent results on quasi-Einstein manifolds. The semi- 
Riemannian manifold {M,g), n > 3, is called a 2-quasi-Einstein manifold if 

( 1 . 2 ) rank (S'— a 5 ^) < 2 , 

on his and rank {S — a g) = 2 on some open non-empty subset of W 5 , where a is some function 
on his (see, e.g., [32l [36]). Every warped product manifold M xof a 2-dimensional base 
manifold (M,^) and a 2-dimensional manifold {N,g) or an (n — 2)-dimensional Einstein semi- 
Riemannian manifold {N,g), n > 5, with a warping function F, satishes fll.2p (see Theorem 
6.1 of this paper). Some exact solutions of the Einstein held equations are non-conformally 
hat 2-quasi-Einstein manifolds. For instance, the Reissner-Nordstrpm spacetime, as well as the 
Reissner-Nordstr 0 m-de Sitter type spacetimes are such manifolds (see, e.g., [SH])- If seems that 
the Reissner-Nordstrpm spacetime is the ’’oldest” example of a non-conformally hat 2-quasi- 
Einstein warped product manifold. It is easy to see that every 2-quasi-umbilical hypersurface in 
a semi-Riemannian space of constant curvature is a 2-quasi-Einstein manifold (see, e.g., [36]). 

Let A and B be symmetric (0, 2)-tensors on a semi-Riemannian manifold (M, g). We denote 
by A A B their Kulkarni-Nomizu tensor. We note that fll.ip holds at a point x E Us <Z M ii 
and only if at this point we have {S — a g) A {S — a g) = 0, i.e. 

(1.3) -SAS —agAS + a'^G = 0, G = -gAg. 

From fll.3p . by a suitable contraction, we get immediately 

(1.4) = {k — {n — 2)a) S + a{{n — l)a — n) g. 


For precise dehnitions of the symbols used here, we refer to Section 2 of this paper (see also 
mm)- We can write the Weyl conformal curvature tensor G of {M,g), n > 3, by 


(1.5) 


G = R- 


1 


n — 2 


g A S + 


K 


{n — 2){n — 1) 


G. 


It is well-known that a semi-Riemannian manifold (M, g), n > 4, is conformally hat if and only 
if C = 0 everywhere in M. From (7 = 0, by fll.5|) . we get immediately 


( 1 . 6 ) 


R = 


n 


■gAS 


K 


(n — 2)(n — 1) 


G. 


The Robertson-Walker spacetimes, and more generally, warped products of an 1-dimensional 
manifold and an [n — l)-dimensional semi-Riemannian space of constant curvature, n > 4, are 
conformally hat quasi-Einstein manifolds (see, e.g., [73l Section 4]). It is obvious that fll.3p and 
fll.6p yield 


R = lsAS+(— - a]gAS+(a^-- --- ) G 

2 V^-2 J V {n-2){n-l)J 

(see, e.g., [28l p. 150]). Thus the curvature tensor R of a conformally hat quasi-Einstein 
manifold {M,g), n > 4, is expressed by a linear combination of the tensors: S A S, gAS 
and G. We also can investigate non-conformally hat and non-quasi-Einstein semi-Riemannian 
manifolds {M,g), n > 4, whose curvature tensor R is a linear combination of these tensors. 
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More precisely, we can investigate semi-Riemannian manifolds {M,g), n> 4, satisfying on the 
set Us n Uc C M the condition 


(1.7) R = S + gg f\ S + rjG, 

where Uq is the set of all points of M at which C 7 ^ 0 and 0, g and g are some fnnctions on 
Us r\Uc- A semi-Riemannian manifold (M, g), n > 4, satisfying fll.7p on Us^Uc C M is called 
a Roter type manifold, or Roter manifold, or Roter space [25l [35l |36]. Roter type manifolds 
and in particnlar Roter type hypersnrfaces in semi-Riemannian spaces of constant cnrvatnre 
were stndied in: [251 EHl 1^ E21 ESI 1121 El ED E21 ED ED ED ED- In Section 3 we present 
cnrvatnre conditions satisfying by Roter type manifolds. In particnlar, on every Roter type 
manifold {M,g), n > 4, the following relations are satished on Us nUc C M: 


( 1 . 8 ) 

R-R-Q{3,R) = 

LQ{g,G), 

( 1 . 9 ) 

C-G = 

LcQ{g,C), 

( 1 . 10 ) 

G-R + R-G = 

Q{3,G)+{l + Lc- — 

( 1 . 11 ) 

G-R-R-G = 

Q(S,C)--^Q(g,C), 
n — 1 

where L = 

Lr + Lc = Lr - ^ 

+ (n-W 


n — 2)(j) 


Q{9,C), 


- 2)(/i^ — (j)g) — g) (Theorem 
3.2 and Proposition 3.3). In |7D Theorem 3.2] (also see [Ml Section 4] and [ID Section 4]) it 
was proved that the cnrvatnre tensor R of some hypersnrfaces in semi-Riemannian spaces of 
constant cnrvatnre is a linear combination of the tensors: S A S, g A S, G, g A S'^, S A 3“^ and 
A 3“^. Precisely, we have on Us (4 Uc M 


(1.12) R = ^3A3 + cl>2gA3 + (j)3G + cl>igA3^ + cl>53A3^ + ^3^A3\ 

where 0i, 02 , ■ ■ ■, 06 are some fnnctions on this set. Evidently, fll.7p is a special case of fll.l2p . 
Examples of manifolds satisfying fll.l2p are given in [Ml Example 2.1], [Ml Section 4], [Ml 
Example 4.1], [ID Section 5] and [HD Section 5]. Manifolds satisfying fll.l2p were stndied in 

[HSEDED^- 

It is easy to verify that on any semi-Riemannian manifold {M,g), n > 4, the following 
identity is satished 

(1.13) G-R + R-G = R-R + G-G - ^ V, Q(g, - — g A 3 + g A 3^) 

[n — 2y n — 1 

(Theorem 3.4(i)). In addition, if fll.Sp . with some fnnction L, holds on Uc C M then fll.131) 
tnrns into 


( 1 . 14 ) 


C-R + R-C = Q{S,C) + LQ{g,C) + C -C 

1 n —2 

-572 3A3-KgA3 + gA3‘^) 

[n — 2y 2 
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(Theorem 3.4(ii)). Moreover, if fll.Qp . with some functions Lc, is satisfied on Uc C M then 
fll.ldp takes the form 

C-R + R-C = Q{S,C) + {L + Lc)Q{g,C) 

1 r? — 2 

(1.15) —^—^Q{g,^—S^S-t^g^S + g^S‘^) 

(Theorem 3.4(iii)). We note that if {M,g) is a quasi-Einstein semi-Riemannian manifold satis¬ 
fying fll.ip then fll.lSp . by making use of fll.3p and fll.4p . turns into 


(1.16) C-R + R-C = Q{S,C) + {L + Lc)Q{g,C), 


and in particular, if (M, g) is the Godel spacetime then fll.161) yields 

(1.17) C-R + R-C = Q{S,C) + '^Q{g,C) 

6 

(Theorem 3.4(iv)-(v)). The conditions (II. 8 p and (II.9p are also satisfied on some submanifolds 
isometrically immersed in an Euclidean space, as well as on some hypersurfaces isometrically 
immersed in a semi-Riemannian space of constant curvature (theorems 3.7-3.9). 

In Section 4 we prove that warped product manifolds M Xp N of an 1-dimensional semi- 
Riemannian manifold (M,^) and some (n — l)-dimensional semi-Riemannian manifold {N,g), 
n> 4:, satisfy (II. 8 p . (II.9p and (ll.lhp (theorems 4.1-4.3). In particular, we state that the warped 
product of an 1-dimensionaI manifold (M, g) and some 3-dimensional Riemannian manifold: the 

3-dimensional Berger spheres, the Heisenberg group Nil^, PSL{2,'R) - the universal covering of 
the Lie group PSL{2, M), the Lie group S' 0 / 3 , a Riemannian manifold isometric to an open part 
of the 3-dimensional Cartan hypersurface or some three-spheres of Kaluza-Klein type, satisfies 
(II. 8 p . (II.9p and (I1.15P (Theorem 4.2). 

In the next section we present results on pseudosymmetric warped product manifolds. In 
particular, we consider warped products M XpN of a 2-dimensionaI semi-Riemannian manifold 
{M,g) and an (n — 2)-dimensionaI semi-Riemannian manifold {N,'g), n > 4, with the warping 
function F, assuming that {N,'g) is a semi-Riemannian space of constant curvature, when 
n > 5. In Theorem 5.3 we present necessary and sufficient condition for such manifold to be 
pseudosymmetric. 

In Section 6 we consider warped products M Xp N of a 2-dimensionaI semi-Riemannian 
manifold (M,^) and an (n — 2)-dimensional semi-Riemannian manifold {N,g), n > 4, with 
the warping function F, assuming that {N, g) is an Einstein semi-Riemannian manifold, when 
n > 5. Theorem 6.2 states that on some subset Us n Uc <Z M Xp N (see to that section for 
details) the tensor R - S is a linear combination of the Tachibana tensors Q{g, S'), Q{g., S^) and 
Q{S, S^), i.e. 

(1.18) R-S = ^|J,Qig,S) + ^|,,Qig,S^) + ^|J^QiS,S^), 


on this set, for some functions '*/'3)'04 and We mention that recently in |3B] it was shown 
that the tensor R - S of some minimal hypersurfaces in Euclidean spaces has this property (see 
also [33 [77]). The condition (I1.18p . by (I2.19p . turns into 


(1.19) 


= ij^Q{g,S) + i;2Qig,S^) + i;sQiS,S^), 


C-S 
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where ?/^i = '*^2 = "04 — Semi-Riemannian manifolds, and in particular, 

hypersurfaces in semi-Riemannian spaces of constant curvature, satisfying the special cases of 
(11.191) . i.e. C ■ S = tfj Q{g, S), resp., C • S' = 0 , were investigated, among others, in [23 EHl l69] . 
resp., [29l[3nil3lll32ll^ll5l[HI]. 

In the last section we consider warped products M XpN of a. 2-dimensional semi-Riemannian 
manifold (M,^) and an (n — 2)-dimensional semi-Riemannian manifold {N,g), n > 4, with the 
warping function F, assuming that {N,g) is a semi-Riemannian space of constant curvature, 
when n > 5. In Theorem 7.1(i) we state that (ll.Sjl . (II.hh and (ll.lhh hold onUc M Xp N. 
In Theorem 7.1(ii), under some additional assumption, we state that on some open subset 
V C Us n Uc <Z M Xp N the Weyl tensor C of the considered warped product is a linear 
combination of the Kulkarni-Nomizu tensors SAS,gAS,gAS^ and G. Precisely, fl7.8p holds 
on V. Evidently, fl7.8p by fll.51) turns into fll.l2p . Thus we have a new family of manifolds 
satisfying fll.l2p . On the set (Us nUc) \ V the Weyl tensor (7 is a linear combination of the 
Kulkarni-Nomizu tensors SAS, gAS and G. In that section we also present curvature properties 
of the Vaidya spacetime, as well as of some generalized Vaidya spacetimes: the Vaidya-Kottler, 
the Vaidya-Reissner-Nordstrpm and the Vaidya-Bonnor spacetime. 

2. Preliminary results 

Throughout this paper all manifolds are assumed to be connected paracompact manifolds of 
class C°°. Let {M,g) be an n-dimensional, n>2, semi-Riemannian manifold and let V be its 
Levi-Civita connection and H(M) the Lie algebra of vector helds on M. We dehne on M the 
endomorphisms X AaY and 77(X, Y) of H(M), respectively, by 

(X AaY)Z = A{Y,Z)X - A{X,Z)Y, n{X,Y)Z = VxVyZ - Vy - V[x,y]^, 

where R is a symmetric (0,2)-tensor on M and X,Y,Z G H(M). The Ricci tensor S', the 
Ricci operator S, the tensors S'^ and and the scalar curvature k, of (M, g) are dehned by 
S(X,Y) = tT{Z n{Z,X)Y}, g{SX,Y) = S{X,Y), S^{X,Y) = S{SX,Y), S^{X,Y) = 
S‘^{SX,Y) and k = trS, respectively. The endomorphism C(X,Y) is dehned by 

c{x,Y)z = n{x,Y)z — + 5X ——x a,y)z. 

n — 2 n — 1 

Now the (0,4)-tensor G, the Riemann-Christoffel curvature tensor R and the Weyl conformal 
curvature tensor C of (M,g) are dehned by CPW, V 2 , X 3 , X 4 ) = g((Xi AgX 2 )V 3 , V 4 ) and 

R(Xi,X2,X3,X4) = g{n{X,,X2)Xs,X^), C{X,,X2,X,,X,) = g{C{X,,X2)Xs,X^), 

respectively, where Xi,X 2 ,X 3 ,X 4 G E(M). Let B he a tensor held sending any X, V G E(M) 
to a skew-symmetric endomorphism B(X, Y), and let R be a (0,4)-tensor associated with B by 

(2.1) R(Xi,X2,X3,X4) = ^(R(Xi,X2)X3,X4). 

The tensor B is said to be a generalized curvature tensor if the following conditions are satished 
R(Xi,X2,X3,X4) = R(X3,X4,X4,X2), 

R(Xi,X2,X3,X4) + R(X3,Xi,X2,X4) + R(X2,X3,Xi,X4) = 0. 

For B as above, let B be again dehned by fl2.1l) . We extend the endomorphism B(X,Y) to 
a derivation B{X,Y)- of the algebra of tensor helds on M, assuming that it commutes with 
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contractions and B{X, Y) ■ f = 0, for any smooth function / on M. For a (0, A;)-tensor field 
T, k > 1, we can define the (0, /c + 2)-tensor B - T hj 

{B-T){X,,...,Xk,X,Y) = {B{X,Y)-T){X,,...,Xk) 

= -T{BiX, Y)Xi, X2,...,Xk) - r(Xi,..., BiX, Y)Xk) . 

In addition, if A is a symmetric (0,2)-tensor then we dehne the (0, k + 2)-tensor Q{A, T) by 

g(AT)(Xi,...,Xfc,x,r) = {x ^AY ■ t){x^, ..., x^) 

= -T{{X X 2 ,..., Xfc)-r(Xi,..., (X Aa Y)Xu) . 

The tensor Q(A, T) is called the Tachihana tensor of the tensors A and T, or shortly the 
Tachibana tensor (see, e.g., |2Hl [311 EH Ea 113]). For a symmetric (0,2)-tensor E and a (0,A;)- 
tensor T, k > 2, we dehne their Kulkarni-Nomizu product E AT hy (\27\) 

{EAT){X,,...,X4,Ys,...,Yk) 

= E{Xi, X,)T{X2, Xs, Fa,, n) + E{X2, Xs)T{X,,X,, F 3 ,..., F^) 
-E{X,,Xs)T{X2, X 4 , Fa,..., Ffc) - E{X2, X,)TiX,,Xs, Fa,..., F^). 


For instance, the following tensors are generalized curvature tensors: R, C, G and E A E, 
where E and F are symmetric (0, 2)-tensors. For a symmetric (0, 2)-tensor A we dehne the 
endomorphism A and the tensors and A^ by g{AX,Y) = A{X,Y), A{X,Y) = A{AX,Y) 
and A^{X,Y) = A{AX,Y)) respectively. Let Bhijk, Thij^, and Aij be the local components 
of generalized curvature tensors B and T and a symmetric (0, 2)-tensor A on M, respectively, 
where h, i,j, k, I, m,p, q e {1,2,, n}. The local components {B ■ T)hijkim and Q{A, T)hijkim 
of the tensors B ■ T, Q{A, T), B ■ A and Q{g, A) are the following 


( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 


{B ■ T)hijki m 

Q{A, T)hijki m 

(.B ■ A'jkklm 
Qi.9i A')fiklm 


g^^^iTpijkBqhlra + ThpjkBqilm Tfiipi^BqjiYYi ThijpBqj^i'iyi^ ^ 
■^hlBmijk “ 1 “ -^ilTfimjk ^jlThimk -^klBhijm 
^hmTlijk ^imTfiljk ^jmTfiilk -^kmThijh 
9^^ {^-^pkBqfilm -^phBqklm) j 
Qhl^km Qkl-^hm Qhm-^kl 9km-^hl' 


Lemma 2.1. Let (M^g), n > 3, be a semi-Riemannian manifold. Let A be a symmetric (0,2)- 
tensor on M such that rank(A) = 2 at some point x G M. (i) cf. [2^ Lemma 2.1] The tensors 
A, A"^ and A^ satisfy at x the following relations 


(2.6) 


= tr(2l) + l(ti(A^) - (ti(A)) 

(2.7) 


= lti(A)AAA, 

(2.8) 

A^ A A^ 

= -i(tr(4^)-(tr(4))^)2lAA 

(2.9) 

(A^ - tr(A) A) A (A^ - tr(A) A) 

= -l(tr(A^)-(tr(A)r)AAA. 


(a) Let T be a generalized curvature tensor on M satisfying 


(2.10) T = y A A A -f 02 A A -t- 03 G + 04 ^ A + 05 A A + y A 
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where 0o; 02, • • • ,06 some functions on M. Then at given point x we have 

T = — A A A (1)2 9 (f 3 G 4>4 g /\ A"^ , 

01 = 0o + tr(A)05-^(tr(A2) - (tr(A))2)06. 

Proof, (i) (I2.6p and (12.Th were already obtained in [25l eqs. (2.6) and (2.10)]. Fnrther, 
transvecting eqnation (2.10) of [25], i.e. 

tr(7l) (AiiAjm — AimAji) + AjiA^^ + AimA'^i — AuA^^ — AjmA^i = 0, 

with A™ = Ask we obtain 

where ghk, g^^i ^hk, ^hk ^hk ^^e local components of the tensors g, g~^, A, and A^, 
respectively. This, by fl2.7p . tnrns into 

AlA% - AlAl = -i(tr(/l^) - (tr(/l))^) (AuA^, - A,^A,,), 

i.e. (12.8p . Now, nsing (12.7p and (12.8p we get immediately (12.Op . which completes the proof of 

(i) . (ii) is an obvions conseqnence of (i). 

Lemma 2.2. Let B be a symmetric (0, 2)-tensor on a 2-dimensional semi-Riemannian manifold 
{M,g). (i) [22] Lemma 2(iii)] The following identity is satisfied on M 

(2.11) gRB = tr(S) G*. 

(ii) The following identities are satisfied on M 

(2.12) = tr(B)B + i(tr(B=)-(tr(B))")<,, 

= -l(tr(S")-(tr(B))2)Q(g,B). 

Proof, (ii) From fl2.1ip we get 

(2.13) ghkBij T gijBhk ghjBik gik-Bhj tr(7?) (^ghkhij 9hjgik)j 

where Bij and Bfj are the local components of the tensors B and B^, respectively. Transvecting 
flTTOH with B^’^ = Bijg’^^gG we obtain 

Bj = tr(B)B„ + l(tr(B")-(tr(B))") 9 „, 

i.e. fl2.12p . Fnrther, we also have 

Q(B,B^) = 0(B,tr(B)B + i(tr(B=)-(tr(B))=)j) = -0tr(B=) - (tr(B))=) Q(j, B), 

which completes the proof. 

For symmetric (0, 2)-tensors E and F we have 

(2.14) Q(E,EAF) = -^QiF,EAE), E AQ{E,F) = ~Q{F,EAE) 






















(see, e.g., [301 Section 3] and [23 eq. (3)]). In particular, from fl2.14p we obtain 

(2.15) g(5,^?A^) = -^Q{g,SAS), Q{g,gAS) = -Q{S,G). 

Using now fll.5l) and (12.151) we get 

(2.16) Q{S,R) = Q(S, C) - ^ Q(g, \saS)- _ Q{S, G). 

We also have 

(2.17) (^A5)-((/A5) = -Q(5^G'), G-igAS) = Q{g,gAS) = -Q{S,G), 

(2.18) (^A^)-^ = Q{g,S^), G-S = Q{g,S) 

(see, e.g., [28l Lemma 2.1 (ii)] and [69l Lemma 3.2]). Using (11.5p and (I2.18P we obtain 

(2.19) C-.S = + 

(see, e.g., [ig p. 217]). 

3. Some curvature conditions 

A semi-Riemannian manifold (M,o'), n > 3, is called semisymmetric if R - R = 0 on M [85] . 
A semi-Riemannian manifold (M, g'), n > 3, is said to be pseudosymmetric if the tensors R ■ R 
and Q(q, R) are linearly dependent at every point of M [2211231 IMl ESI- This is equivalent on 
Ur = [x e M\R- G ^ 0 at x} to 

(3.1) R-R = LRQ{g,R), 

where Lr is some function on this set. We note that Us UUc = Ur (see, e.g. [2H])- We mention 
that [38] is the first paper, in which manifolds satisfying (13.ip were called pseudosymmetric 
manifolds. It is easy to check that (13.11) is equivalent on Ur to {R — LrG) ■ {R — Lr G) = 0. 
Evidently, every semisymmetric manifold is pseudosymmetric. The converse statement is not 
true. It seems that the Schwarzschild spacetime, the Kottler spacetime, the Reissner-Nordstrpm 
spacetime, as well as some Friedmann-Lemaitre-Robertson-Walker spacetimes are the “oldest” 
examples of non-semisymmetric pseudosymmetric warped product manifolds (see, e.g., [391155] ). 
Pseudosymmetric manifolds also are named Deszcz symmetric spaces (see, e.g., [88]). We also 
note that (13.ip implies 

(3.2) R-S = LRQ{g,S), R-G = LRQ{g,G). 

The conditions (13.ip and (13.2p are equivalent on the set Ur fiUc of any warped product manifold 
Ml Xr M 2 , with dim Mi = dim M 2 = 2 [22] • A semi-Riemannian manifold {M,g), n > 3, is 
called Ricci-pseudosymmetric if the tensors R ■ S and Q{g, S) are linearly dependent at every 
point of M [2311221 Ell 1291 [53]. This is equivalent on Ur to 

(3.3) R-S = LsQ{g,S), 

where Lr is some function on this set. As it was mentioned in Introduction, every warped 
product manifold M x 77 of an 1-dimensional (M,^) manifold and an (n — l)-dimensional 
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Einstein semi-Riemannian manifold {N,g), n > 3, with a warping fnnction F, is a qnasi- 
Einstein manifold. Snch warped prodncts also are Ricci-psendosymmetric manifolds, see, e.g., 
[121 Section 1] and Example 4.1 of this paper. 

A semi-Riemannian manifold (M, g), n > 4, is said to be Weyl-pseudosymmetric if the tensors 
R ■ C and Q{g, C) are linearly dependent at every point of M [22l [23l [29]. This is eqnivalent 
on Lie to 


(3.4) 


R-C = UQ(g,C), 


where Li is some fnnction on this set. Using fll.Sp . we can check that on every Einstein manifold 
(M, ^f), n > 4, fl3.4p turns into R - R = Li Q{g, R). For a presentation of results on the problem 
of the equivalence of pseudosymmetry, Ricci-pseudosymmetry and Weyl-pseudosymmetry we 
refer to [221 Section 4]. A semi-Riemannian manifold {M,g), n > 4, is said to have a pseu- 
dosymmetric Weyl conformal curvature tensor if the tensors C ■ C and Q{g, C) are linearly 
dependent at every point of M [T511221I23]. This is equivalent on Uc to fll.Qp . where Lc is some 
function on this set. We note that (HH) is equivalent on Uc to (C — Lc G) ■ {C — Lc G) = 0. 

As it was stated in [22], any warped product manifold Mi x ^^ 4 ^ 2 , with dim Mi = dim M 2 = 2 , 
satisfies fll.Qp . Thus in particular, the Schwarzschild spacetime, the Kottler spacetime and 
the Reissner-Nordstrpm spacetime satisfy fll.Qp . Recently manifolds with pseudosymmetric 
Weyl tensor were investigated in |2H1 US] ■ Warped product manifolds M Xp N, of dimension 
> 4, satisfying the condition (11.81) on Uc C M Xp N, where L is some function on this 
set, were studied in [TH [T7]. In [IT] necessary and sufficient conditions for M xi? to be 
a manifold satisfying fll.Sp are given. In particular, in that paper it was proved that any 4- 
dimensional warped product manifold M Xp N, with an 1-dimensional base {M,g), satisfies 
dm) m Theorem 4.1]. For details about the pseudosymmetric, Ricci-psendosymmetric and 
Weyl-pseudosymmetric manifolds as well other conditions of this kind, named pseudosymmetry 
type curvature conditions, we refer to the papers: [121ES] 1291 EH] El] and also references therein. 

If {M,g), n > 4, is an Einstein semi-Riemannian manifold then Up = Uc and fll.Sp yields 


(3.5) 


C ^ R- 


K 


{n — l)n 


G. 


Theorem 3.1. If {M,g), n > 4, is a pseudosymmetric Einstein semi-Riemannian manifold 
satisfying H3.1\) on Ur C M then on this set we have R ■ R — Q{S,R) = {Lr — -)Q{g,G), 
G-G = {Lr- j^)Q{g. G) andG-R + R-G = Q{S, G) + {2 Lr - ^)Q{g, G). " 

Proof. The second condition of our assertion was proved in [H] Theorem 3.1]. Further, 
using fl3.ip and fl3.5p we obtain R ■ G = LpQ^g, G) and 

R-R-Q(S,R) = (LH--)Q{g,R- G) = (in --) 0(9. C). 

\ n/ [n — l)n V n/ 

G-R + R-G = {R- . G)-R + LRQ{g,C) 

[n — l)n 

= R-R- G-R + LRQ{g,G) = (lr- ^ ] Q{g, R) + LRQ{g,C) 

[n — l)n \ [n — l)n J 

= {2Ln-j^^^f^Q(g,C) = Q(S,C) + (]2L„ - ^]) g(9,C), 
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completing the proof. 


In |HSl Section 2] a class of 4-dimensional Einstein Riemannian manifolds was defined and 
investigated. As it was stated in [131 Remark 5.1] those manifolds are pseudosymmetric. If a 
non-quasi-Einstein semi-Riemannian manifold {M,g), n > 4, satishes on Us nUc C M fl3.ll) 
and fll.81) or fl3.ip and fll.91) . then fll.7p holds on this set (|5H1 Theorem 3.2 (ii)], [HI Lemma 
4.1]). We also have the following converse statement. 


Theorem 3.2. [29l |60] If {M,g), n > 4, is a semi-Riemannian manifold satisfying ra on 
Us n Uc C M then on this set we have 


5 ^ — Oil S 02 9i — ei -\- 


{n — 2)g — 1 


0-2 — 


/iK -|- (n — l)r] 


R-C = LRQ{g,C), Lr = - fg) - ^f) , 

R-R = LRQ{g,R), R-S = LRQ{g,S), 

R-R = Q{S,R) + LQ{g,C), L = Lr + ^ = 

4> 0 

C-C = LcQ(g,C), Lc = - oi). 

n — 2 n — 1 

C-R = LcQ{ 9,R), C-S = LcQ{g,S), 


R-C-C-R 


n — 2 


Q{S, R) + 


in — l)iL — 1 K 

(n-2)i. +~ 


n — 1 


/i((n — l)/i — 1 ) — (n — 1)017 
{n — 2)0 


Q(5,G), 


Q{g,R) 


R-C-C-R = (hy,-^) + ^\Q{g^R)+U{g-^)-ri]Q{S,G). 

\cp n — 2 n — lj \(p n — 2 J 

Remark 3.1. Let the curvature tensor R of a semi-Riemannian manifold (M, g),n> 4, has the 
decomposition fll.7p on UsHUc C M. In [42l Lemma 3.2] it was shown that the decomposition 
fll.7p is unique on this set. 


Proposition 3.3. If {M,g), n > 4, is a semi-Riemannian manifold satisfying {f_R) on Us H 
Uc C M then M.llA) and hold on this set. 


Proof. On Us nUc C M we have C - R = Q{S,C) -I (Lr — ■^f^)Q{g,C) [69l eq. (37)], 
where the function Lr is dehned by fll.lOl) (see also Theorem 3.1). But this, together with 
R - C = Lr Q{g, C) and L -\- Lc — (^- 2 ) 4 ) ~ ~ Theorem 3.1), completes the proof. 

Theorem 3.4. Let {M,g), n> 4, be a semi-Riemannian manifold, (i) The identity M.LA) is 
satisfied on M. (ii) If U.8\) . with some function L, is satisfied on Uc C M then jLl-ff) holds 
on this set. (Hi) If U.8\) and U.9\) . with some functions L and Lc, are satisfied on Uc C M 
then M.15) holds on this set. (iv) If {M,g) is a non-Einstein and non-conformally fiat semi- 
Riemannian manifold satisfying on Us O Uc C M the conditions: and H1.8\) and U.9\) . 
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with some functions L and Lq, then M.ldt) holds on this set. (v) The equation ( [i.i?| j is satisfied 
on the Godel spacetime. 

Proof, (i) We have (cf. [771 Section 1]) 

{n-2f{C-R)-{C-R) = {g^S-^G)■{g^S-^G), 

which yields 

{n-2fiG-G-R-G-G-R + R-R) = igAS)-igAS) - —G■{g^S). 

n — 1 

But this, by fl2.17l) . turns into fll.lSp . (ii) It is easy to see that fll.lSp . by making use of fll.Qp 
and the identities fl2.15l) and (12.161) turns into fll.ldp . (iii) Relations fl2.16p . fll.Qp . (11. 8 p and 
flTT^ yield 

G-R + R-C = Q{S,R) + {L + Lc)Q{g.G) + ^ S,G) 

[n — 2Y n — 1 

= Q(S. C) + {L + Lc) Qia, C) - Q(a, i s A S) + - k S, G). 

which by (I2.14p turns into (I1.15p . (iii) It is easy to see that the conditions (11.11) . (11.3p . (11.4p . 
(11.151) and Q{g, G) = 0 lead to (11.161) . (iv-v) The Ricci tensor S of the Godel spacetime (M, g) 
satishes S = koj<^u, where u is an 1-form [62]. From the last equation we get easily S' A S' = 0 
and = kS. It is also known that R ■ R = Q{S, R) and G • (7 = | Q{g, G) hold on M [l3l 
Theorem 2]. Now fll.l 6 p yields fll.l7p . Our theorem is thus proved. 

Remark 3.2. In [l3l Section 4(v)] it was shown that on the Godel spacetime the tensors R - G, 
C ■ R, Q{g, R), Q{S, R), Q{g, C) and Q{S, G) are linearly dependent. 


We also have the following result. 


Proposition 3.5. cf. [2H1 Proposition 3.2, Theorem 3.3, Theorem 4.4] If {M,g), n > 4, is a 
semi-Riemannian manifold satisfying on Us O Uc C M the conditions U.Si) . U.9[) and 

(3.6) R-S = Q{g,D), 


where D is a symmetric [f]^ 2)-tensor, then ([7^]) holds on this set. Moreover, at every point of 
UsPldc we hat'e rank (S'—oi S') = 1 or rank (S'—oi ^f) > 2 and /jl.'fi ), where ai = |(^^—L-|-Lc)- 


The last proposition, together with Proposition 3.3 and Theorem 3.4(iv), yields 


Corollary 3.6. If {M,g), n > 4, is a semi-Riemannian manifold satisfying on Us GUc C M 
the conditions U.8\} . U.9{} and l[3.6\) then G ■ R R ■ G = Q{S, G) -|- L 2 Q{g, G) holds on 
Us f^Uc, where L 2 is some function on this set. 


Let M, n = dimM > 4, be a connected hypersurface isometrically immersed in a semi- 
Riemannian space of constant curvature A^”’''^(c), with signature (s, n-l-1 — s), where c = 
and K is its scalar curvature. It is known that (11. 8 p holds on M. Precisely, 

(3.7) RR = 

n[n + 1) 

on M [5H Proposition 3.1]. Now, as an immediate consequence of Theorem 3.3, we have 
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Theorem 3.7. Let M is a hypersurface isometrically immersed in n > 4. Then 

C-R + R-C = Q{S, Q{g, C) + C ■ C 

n[n + Ij 

77 — 2 

Q{g, —-— SaS — ngAS + gA 5^) 


(3.8) 2 

holds on M. Moreover, if U.9\) is satisfied on Us TiUc C M then on this set we have 

{n — 2 )k'' 


C-R + R-C = Q{S, C)+[ Le¬ 


nin + 1 ) 


Q{9,C) 


(3.9) 


(n - 2)'. 


_ 0 

Q{g, —-— SaS — ngAS + gA S‘^). 


If M is a quasi-Einstein hypersurface satisfying U.l\) and U.8\) onUsClUc then on this set we 
have 


(3.10) 


C-R + R-C = QlS,C)+{Lc-^^^^-^AQ{g,C). 

n[n + 1) 


It is known that every 2-quasi-unibilical hypersurface in a senii-Riemannian space of constant 
curvature n > 4, satishes fll.Op [571 Theorem 3.1]. Now Theorem 3.4 yields 

Theorem 3.8. If M is a 2-quasi-umbilical hypersurface isometrically immersed in 
n> 4, then LS. .91) holds on Us (lUc C M . 

Let M be an n-dimensional Chen ideal submanifold of codimension m isometrically immersed 
in an Euclidean space n > 4, m > 1 [9], [10]. It is known that fll.Sp and fll.91) hold on 

Uc C M (jlHl Theorem 1], see also [m Section 6] and m Section 3.1]). Now Theorem 3.3(ii) 
yields 


Theorem 3.9. If M, n > 4, is a Chen ideal submanifold of codimension m, m > 1, isometri¬ 
cally immersed in an Euclidean space then holds on this set. 

Remark 3.3. (i) We refer to [M] for further results on quasi-Einstein hypersurfaces M in 
n > 4, satisfying fll.9p . (ii) We refer to [50] for curvature properties of pseudosymmetry 
type of Chen ideal submanifolds in an Euclidean space, (iii) From fl3.7l) it follows that every 
Einstein hypersurface M in n > 4, is a pseudosymmetric manifold satisfying fl3.ll) and 

Lr = ^ — ^n{n+i) on Ur <Z M (cf. [SS] Section 5.5]). Now from Theorem 3.1 we have 

R-C + C-R = Q{S,C) + '^(^-^)Q{g,C) 

n \n — 1 n -|- 1 / 

on Ur. We refer to iza for examples of semisymmetric Einstein hypersurfaces in some semi- 
Riemannian spaces of constant curvature, (iv) Let M be a hypersurface in n> 4. If 

at every point of Uc C M the tensor H^, the square of the second fundamental tensor H of M, 
is a linear combination of H and the metric tensor of M then fll.9p holds on Uc (see, e.g., 
m Section 1]). Moreover, in view of Theorem 3.5(iii), fll.l5p is satished on Uc- 
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4. Warped product manifolds 


Let now {M,g) and {N,g), dimM = p, dimA^ = n — p, 1 < p < n, be semi-Riemannian 
manifolds covered by systems of charts {U;x°‘} and respectively. Let F be a positive 

smooth function on M. The warped product M Xp N of (M,^) and {N,'g) is the product 
manifold M x N with the metric g = g Xpg = '^'I'g + (F o tti) p^g, where ni : M x N —> M 
and 712 '■ M X N —> N are the natural projections on M and N, respectively P El ES]. 
Let {U X V]x^, = y^,... ,x"' = be a product chart for M x N. The local 

components gij of the metric g = g Xpg with respect to this chart are the following gij = 'g^f, 
ii i = a and j = b, g^j = Fg^p ii i = a and j = /?, and g^ = 0 otherwise, where a, b, c,d, f G 
,p}, a, (3,'y,S G {p + 1,..., n} and h, i, j, k, I, m,r,s G {1,2,..., n}. We will denote by 
bars (resp., by tildes) tensors formed from 'g (resp., g). The local components 

= ^g’""idigjs + djgis-dsgij), dj = 


of the Levi-Civita connection V of M Xp N are the following 


^ be — bo 


■pQ; _ pQ; 

^ Pi ~ ^ Pi^ 


1 


Kp = -^rF.g^p. = —F,5“, 


(see, e.g., USE]). The local components 


= 0 , F, 


dF 

dx°- 


Rkm = gH.R%, = ak.(dXl, - d,T‘, + - r^rR), 

of the Riemann-Christoffel curvature tensor R and the local components of the Ricci tensor 
S' of the warped product M Xp N which may not vanish identically are the following: 


(4.1) 

Rated 

Rated •} 

Raatd 

(4.2) 

Sab 

= Sab- 

n-p 1 

2 F 




1 

(4.3) 

Tab 

= VaFb 

_ p p, 

2p “ 


■ Tabga^ , RaP'yS 

Sap = Sap 

rTi\ _ -^})rp 


— FRap^p — - AiF G 0 / 37(5 ; 

^(tr(r) + ^~X~^ A,F)p.^, 


2F 




where T is the (0,2)-tensor with the local components Tat. The scalar curvature k of M Xp N 
satishes the following relation 

/. .N 1 ^ n — p , n — p — 1 ^ 

(4.4) K = K + -K -^(tr(T) +- — -AiF). 

Warped products play an important role in Riemannian geometry (see, e.g., PPE 1 E 6 ]) 
as well as in the general relativity theory (see, e.g., P Eal El EU). Many well-known space- 
times of this theory, i.e. solutions of the Einstein held equations, are warped products, e.g. 
the Schwarzschild, Kottler, Reissner-Nordstrpm, Reissner-Nordstr 0 m-de Sitter, Vaidya, Vaidya- 
Kottler, Vaidya-Reissner-Nordstrpm, Vaidya-Bonnor, as well as Robert son-Walker spacetimes. 
We recall that a warped product M Xp N of an 1-dimensional manifold {M,g), g^^ = —1, 
and a 3-dimensional Riemannian space of constant curvature {N,g), with a warping func¬ 
tion F, is said to be a Robertson-Walker spacetime (see, e.g., [HSl ESI El])- It is well-known 
that the Robertson-Walker spacetimes are conformally hat quasi-Einstein manifolds. More 
generally, one also considers warped products M Xp N of {M,g), dim M = 1, g^^ = —1, 
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with a warping function F and an [n — l)-diniensional Riemannian manifold {N,g), n > 4. 
Such warped products are called generalized Robertson-Walker spacetimes nna. We men¬ 
tion that Einstein generalized Robertson-Walker spacetimes were classified in [2]. Curva¬ 
ture conditions of pseudosymmetry type on spacetimes have been considered among others 

in[3l[l2l[l3l[l5l[l6lll0lll3lll8l|5ll[55ll68l[^ 

Example 4.1. The warped product manifold M Xjp N, oi an 1-dimensional manifold 

gj^ = ±1, and an (n — l)-dimensional semi-Riemannian Einstein manifold {N,'g), n> 5, which 

is not of constant curvature, with a warping function F, satisfies on Us nUc d M Xp N: 

l ' fC 

R-S = LsQ{g,S), Ls = - 77 ^, Tank{S-ag) = 1, a = - - - Ls, 

2r n — 1 

(4.5) {n-2){R-C-C-R) = Q{S, R) - Ls Q{g, R), 

[T 2 I Theorem 4.1], Furthermore, using fll.Sp . (11 .Sp . (I2.15p . fl2.16p and f|4.5p we get 

Q(g,R) = Q(g,c)--F-Q(S,a), 

Q{S,R) = Q(S,C) + —!-(o-^)0(S,G). 

n — 2 \ n — 1J 

{n-2){R-C -C-R) = Q{S,C)-LsQ{g,C). 

Using Theorem 3.4(i)-(iii), [171 Theorem 4.1] and [56l Theorem 2] we obtain 

Theorem 4.1. Let M Xp N he the warped product manifold of an 1-dimensional manifold 
{M,g), g^^ = ±1, and a 3-dimensional semi-Riemannian manifold {N,g). If {N,g) is not a 
space of constant curvature then M.^) and liL14\ ) hold on Uq C M Xp N. Moreover, if {N,g) 
is a quasi-Einstein manifold then U.9\) and U.15\) hold on Us nUc <Z M Xp N . 

The Ricci tensor of the following 3-dimensional Riemannian manifolds {N,g): the Berger 

spheres, the Heisenberg group Nils, PSL{2,'R) - the universal covering of the Lie group 
PSL{2,'R) and the Lie group Sols [HI Section 3], a Riemannian manifold isometric to an 
open part of the Cartan hypersurface [27l Section 2] and some three-spheres of Kaluza-Klein 
type m Theorem 2 {ii)a\ have exactly two distinct eigenvalues. Evidently, these manifolds are 
quasi-Einstein, and in a consequence, pseudosymmetric (see, e.g., [5^1 Theorem 1]). For further 
examples of 3-dimensional quasi-Einstein manifolds we refer to [1] (Thurston geometries and 
warped product manifolds) and [70| (manifolds with constant Ricci principal curvatures). 
Theorem 4.1 leads to the following result. 

Theorem 4.2. The conditions U.8\) . and U.15\l are satisfied on the warped product 

manifold M Xp N of an 1-dimensional manifold {M,'g), 'g^^ = ±1, and the 3-dimensional 

Riemannian manifold {N,'g) such as: the Berger sphere, Nils, PSL{2,W), Sols, a Riemannian 
manifold isometric to an open part of the Cartan hypersurface, or some three-spheres of Kaluza- 
Klein type. 

Using m Theorem 4.2], [211 Theorem 3.5] and [561 Theorem 3] we can prove 
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Theorem 4.3. If M XpN is the warped product manifold of an 1-dimensional manifold {M, g), 
gi^ = ± 1 , and an {n— 1)-dimensional quasi-Einstein conformally flat semi-Riemannian mani¬ 
fold {N,g), n > 5, then the conditions U.Si) . and U.15\) are satisfied on Uc G M xp N. 


We mention that recently curvature conditions of pseudosymmetry type of four-dimensional 
Thurston geometries were investigated in [67] . 


5. PSEUDOSYMMETRIC WARPED PRODUCT MANIFOLDS 


In this section we present some results on pseudosymmetric warped product manifolds. 


Theorem 5.1. [2l] The Riemann-Christoff el curvature tensor R of the warped product manifold 
M Xp N, with dimM = p, dimA^ = n — p, 1 <p<n — 1, n>3, satisfies JH, i.e. 
R - R = LjiQ{g, R), on some coordinate domain of a point x G Up G M Xp N if and only if 
the following relations are satisfied on this set 


(/? • K) abodef Lp Qi^g-, R) abodef j 


“^H^Rfabo 


— — {TacHbd 


TabHcd), 


Had (^RsafS-/ , j-, GSayfl n'^d Hfa 

~ ~ AiF _ ~ 

(/? ■ R')aiS'jSx^ i^HLp -|- ) Q(^g, H)ay"f5Xin 


where Tab is defined by and 
(5.1) Hah = 


Tab + FLp g^f, 


Proposition 5.2. Let M Xp N be the warped product of semi-Riemannian manifolds 
and {N,g), dimM = p, dim A = ?7, — p, 2<p<n — 1, ?7 ,>4 , with the warping function F, 
and let {M,g) and {N,g) be a spaces of constant curvature, provided that p > 3 and n — p>3, 
respectively, (i) cf. [241 Corollary 2.1] The warped product M XpN satisfies R-R = LpQ{g, R), 
i.e. 113.1\) . on some coordinate domain of a point x G Up G M Xp N if and only if the following 
two relations are satisfied on this set 

(5.2) HacHbd HabHcd F C)p idabHod haoHbdfl 

(5.3) RHad = {n-p){n-p-l) (^{FLp + ^^)Had- H^d^ , 


where H^^ = g^IHaeHdj and n and k are the scalar curvatures of (M, g) and {N, g), respectively. 
Moreover, if n — p >2 then H5. 51) is equivalent to 


(5.4) 


Hid = 


Fk 


K 


{p — l)p {n — p — l){n — p) 


+ 


AiF 

4F 


H 


ad' 


(ii) If H = g is satisfied on some eoordinate domain U of a point x G Uji (Z M Xp N, for 
certain function Lp, then T = on U. Moreover, H = 0 and 113.1\) hold on U, provided 
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that Lji = (in) Let M Xp N he the warped product satisfying R - R = LRQ{g, R). If 

H 7 ^ g at a point x E Ur C M Xp N then on some neighbourhood U C Ur of x we have 

(5.5) (a) Lr = - —, (6) rank (if) = 1. 

[p - l)p 


Proof, (i) This assertion is a consequence of Theorem 5.1 and the dehnition of Hab (see 
fl5.ip h (ii) From our assumption, by fl5.1|) . it follows that T is proportional to g. It is obvious 
that if we set Lr = then fl5.1l) gives if = 0. Now (i) completes the proof of (ii). (iii) 

From fl5.2p we have 


HcdHab HacHbd 
This, together with fl5.2p . yields 


F 


K 


{p - l)p 



idbdHa 


dcd^ab) ) 


K 


{p - l)p 


) {dabbed 9ac^bd T dbd^ac 9cd^ab) 0, 


which by contraction with gives ~ LR){Hcd — ged) = 0- From this, by our 

assumption, we get immediately (I5.5p (a). Now (15.2p . by (I5.5p (a). reduces to 

(5.6) HacHbd - HabHcd = 0, 


which is equivalent to fl5.5p fbh Our proposition is thus proved. 


Let M Xp N he the warped product of semi-Riemannian manifolds {M,g), dimM = p, and 
{N,g), dim = n — p,2<p<n — 2, with the warping function F, and let {M,'g) and {N,'g) 
be spaces of constant curvature, provided that p > 3 and n — p > 3, respectively, satisfying 
(13. ip on Ur C M X p N. Moreover, let H ^ ^ at a point x E Ur. We note that from (14.2p 

it follows that S ^ g at this point. Further, in view of Proposition 5.2, (15.4p . (15.5p and (15.611 
hold on some neighbourhood U C Ur of x. From (15.611 . by a suitable contraction, it follows 
that ff^ = trff ff on U. The last equation and (15.4p yield 


, _ If _ , ^ 

p {n — p — l){n — p)F 2F AF'^ 

We note that if p = 2 then (17.211 . (17.411 . (17.511 and (15.7p lead to po 


0 . 


p = 0 , and (7 = 0 . 


From the above presented considerations it follows 


Theorem 5.3. Let M Xp N be the warped product of a 2-dimensional semi-Riemannian man¬ 
ifold {M,g) and an {n — 2)-dimensional semi-Riemannian manifold {N,g), n > A, with the 
warping function F, and let (A^,p) be a space of constant curvature, provided that n > 5. The 
manifold M Xp N satisfies H3.1\) . i.e. R ■ R = LpQ^g, R), on some coordinate domain U of a 
point X E Us (I Uc (Z M Xp N if and only if on U we have 


H = -T + FLuS = 2'^ + P(- 


■^)5 = = 0 , 


i.e. Tab is proportional to gab on U. 


2 
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At the end of this section we recall the following result of m- 

Theorem 5.4. cf. m Theorem 4.1] Let M Xp N he the warped product of a 2-dimensional 
semi-Riemannian manifold {M,g) and an {n—2) -dimensional semi-Riemannian manifold {N,g), 
n > A, with the warping function F, and let be a space of constant curvature; pro¬ 

vided that n > 5. If the tensor Tab, defined by i4-d\ ); proportional to 'gab at every point of 
Us n Uc <Z M Xp N then ([i.?|j holds on this set. 


6. Warped product manifolds with 2-dimensional base and Einsteinian fibre 

Let M Xp N he the warped product manifold of a 2-dimensional manifold (M,^) and an 
{n — 2)-dimensional semi-Riemannian manifold {N,'g), n > 4, with a warping function F, and 
let {N,'g) be an Einstein manifold, provided that n > 5. Now fl4.2p turns into 


(6.1) 

^ad — Qah ^ j-, -^abj — 

z Zr 

(6.2) 

^ tr(r) 

{n-2)F 2F ^ ’ 


AiF 
4F2 ■ 


From flb.ip it follows that Tab is proportional to Pab at a point of UpHUc C M Xp N 'li and only 
if Sab is proportional to Pab at this point. Furthermore, from fl 6 .ip also it follows that fll.2p is 
satished on W5 C M Xp A, i.e. rank (S' —Ti ( 7 ) < 2 on this set. In addition, if rank (S' —Ti ( 7 ) = 2 
then M Xp N is a 2-quasi-Einstein manifold. Thus we have 


Theorem 6.1. Let Mx pN he the warped product manifold of a 2-dimensional semi-Riemannian 
manifold (M,^) and an {n — 2)-dimensional semi-Riemannian manifold {N,'g), n > 4, with 
a warping function F, and let {N,g) be an Einstein manifold, provided that n> 5. Then on 
Us T M XpN we have rank (S' —ri g) < 2, where the function ti is defined by Moreover, 

if rank [S — Tip) = 2 on some open non-empty subset of Us then M XpN is a 2-guasi-Einstein 
manifold. 


Let now A be the (0, 2)-tensor with the local components Aij dehned by 

(6.3) -^ij ^ij R 9iji 

where ti is the function dehned by fl6.2p . Using fl 6 .ll) and fl6.3p we get 

(6.4) Aad Sad U 9adi -^010 S^p Ti Pap 0, R-ao 0- 

From fl6.4p it follows immediately that Aab is proportional to 'Pab if and only if Sab is proportional 
to 'Pab- Further, let be the (0,2)-tensor with the local components AL = p'^^AirAjg. We have 

(6.5) Al = Sl-2TiSij + T^gij, Al^ = Sl^-2TiSad +Pad, Alp = 0, Al^ = 0, 


tr(A) = g’^^Ars = k — uti, tr(A^) = g^^A^^ = ti{S'^) — 2 kti-\- nr'^, 
tr(A^) — (tr(A))^ = tr(S^) — -|-(n — l)ri(2fi: — nri). 


( 6 . 6 ) 
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and 


tr(A2) - (tr(^))2 = 

= t^Al, + 2 t^Al, + f^Al, - it^Au + 2 t^A,, + f^A,,f 

= 9^^g^^AirAis + 2g^‘^g^^AirA2s + g"^"^ g'^^ A2rA2s — {g^^An + 2g^’^Ai2 + g'^‘^A22Y 

= {t\A,,Y + 2 ^ 12 ^ 11^12 + f\A,2f) + {t\Auy + 2t^AuA22 + f\A22Y) 

+2 5'^^ (9'^^^ii^i2 + + 5'^^(^i 2)^ + fi'^^24i2A22) — {g^^An + 2g^‘^Ai2 + g^‘^A22) 

= -2{t^t^-{t^r){AnA22-{A,2?), 


i.e. 

(6.7) tr(7l2) _ (tr(/l))2 = -2(det(^))-i (7lii^2 - (^ 2 )^). 

From fl6.4p and fl6.7p it follows that at every point of a: & Us C M Xp N the conditions: 
rank(A) = 2 and tr(y42) — (tr (^))2 ^ 0 are eqnivalent. Therefore on the set of at all points of 
Us at which rank(A) = 2 we can dehne the fnnction T 2 by 

(6.8) r2 = (tr(kl2) - (tr(kl))2)-i. 

We also note that in view of Lemma 2.2 we have 

Aid = tr(7l) Aad + ^{A{A^) - (tr(kl)) 2 ) 

(6.9) Q{A,A^)abcd = -]^{tT{A^) - {iT{A)f)Q{g,A)abcd- 
We have 


Theorem 6.2. Let Mx pN be the warped product manifold of a 2-dimensional semi-Riemannian 
manifold {M,g) and an {n — 2)-dimensional semi-Riemannian manifold {N,g), n> A, with a 
warping function F, and let {N,'g) be an Einstein manifold, provided that n> 5. Moreover, let 
V be the set of all points of Us H Uc <Z M Xp N at which Sad is not proportional to Ijad- Then 
on V we have 


(6.10) R-S = (01 - 2x102 + Ti 03) ( 5 ( 51 , F) + (^ 

2 ri — K 1 


( 6 . 11 ) 


4>\ = 


02 — 


03 — 


2 (n- 2 )’ ^ n- 2 ’ 

The condition i\3.3\) holds on the set {Us AUc) \ V. 


2-ri03)Q(^,52) + 03Q(F,F2) 
T 2 { 2 k — k — 2{n — 1 )ti) 
n — 2 


5 


Proof. Let A be the (0,2)-tensor dehned by (16.4p . Using now (12.4p . (I2.5p . (14.ip . (14.2p . (16.ip 
and fl6.4p we get 


-±T 

ad 


R. 


abed 


1 , . 2 ri — K . 

{Aad T X 9ad)i 


n — 2 
F 


G 


abed) 


R 


•aoL^d 


n 


(A 


ad 


2ti- K ^ 
2(71-2)^“'"^^“^’ 


1^ 12 7~]^ _ Hv 

(7? ■ A')abcd ^ Q{9i A)abcdi {R ' A'jaajSd p ^ {Aad “I ^ Aad) 9oipi 

{R ■ A)Q^jd'yS 0, Q{9) A^jalS'yS Q{9 j a )oi/3'fS Q{A, A )ap-fS 


0 . 
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Using the above presented relations and fl6.9p we obtain on V the following condition 

( 6 . 12 ) R-A = (^1 Q(g, A)-h (^2 Q(ff, -h Q(^, 

where 02 and 03 are dehned on V by flb.llj) . Now fl 6 . 12 p . by fl6.4p and flb.Sp . turns into 
(16.1 op . Finally, from fl 6 .ip and the fact that Sab is proportional to gab on (UsHUc) \U it follows 
that Tab also is proportional to gab on this set. Therefore, in view of 1201 Corollary 4.1], fl3.3p 
holds on (Us n Uc) \ V. The last remark completes proof. 


7. Warped product manifolds with 2-dimensional base and fibre of constant 

CURVATURE 


We consider the warped product manifold MxpN oi a 2-dimensional manifold (M,g) and an 
(n — 2)-dimensional semi-Riemannian manifold {N,'g), n > 4, with a warping function F, and 
let (N,'^ be a space of constant curvature, provided that n>5. Using Lemma 1.1, fl4.ip - fl4.4p 
and [22l eqs. (12)-(16)] we can check that the local components Chijk of the tensor Ricci tensor 
S and the Weyl conformal curvature tensor C oi M Xp N are expressed by 


Cabcd 

(7.1) 

respectively, where 

(7.2) 

We also have 


[n 


3)pi 


n — 1 

2po 


G, 


abed 


CabeS 


(n - 3)po 


GetbeS 1 


(n — 2)(n — 1 ) 




(n — 2 )(n — 1 ) 

S^afi'ySi CabeS Cab'yS Cajd'yS 0 ; 


Po - 2 + 


K 


Fti + (n-3) -F + (n-2) 


n — 3){n — 2)F 
tr(r) 


+ 


tr(T) AiF 
2F ~ Jf^' 


= (n-3)^F+^ 


+ (n-3)^^-(n-3) 


K 


K 


+ 


(7.3) = (n-3)F - + — 

^ ^ ^ ^ \2 (n-3)(n-2)F 

where 

(7.4) p = 

Now the condition (17.ip . by (I7.4p . turns into 

^ _ 

'^abed 2 ^o,bcd-) ^abeS 

p 


tr(r) 

2F 


4F 
AiF 
4F2 


= [n 


3)Fpo = "^Fp, 


2(n - 3)po 
n — 1 


P 


G. 


Oibcdi 


(7.5) 


a 


olI3'‘)5 


(n-3)(n-2) 


2(n-2) 

Gap-yS'} GabeS Gaby 5 GaPyS 0 . 


Remark 7.1. Let M x p N he the warped product manifold of a 2-dimensional manifold (M,^) 
and an (n — 2)-dimensional semi-Riemannian manifold (A, ^), n > 4, with a warping function 
F, and let (N,g) be a space of constant curvature, provided that n > 5. (i) From fl7.ip it 
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follows immediately that the manifold M XpN is conformally flat if and only if the fnnction po, 
defined by (17.2p . vanishes on M. (ii) We refer to [TSl Lemma 3.3, Lemma 4.1, Lemma 4.3], [T41 
Example 5.4 (i), (ii)] and |731 Sections 4 and 5] for examples of conformally flat warped prodnct 
manifolds M Xp N, with dim M >2. (iii) Recently warped prodnct spacetimes M Xp N, with 
dimM = N = 2, satisfying curvatnre conditions of psendosymmetry type were stndied in [40] . 


Theorem 7.1. Let Mx pN be the warped product manifold of a 2-dimensional semi-Riemannian 
manifold {M,g) and an {n — 2)-dimensional semi-Riemannian manifold {N,g), n> A, with a 
warping function F, and let {N,'g) he a space of constant curvature, provided that n>5. 

(i) The following three conditions are satisfied on the set tic <Z M x p N: 


(7.6) C.C = 0(9.0. 

where p is defined by jl.Jif) , M.8\) with the function L be defined by 

where Ti is defined by / Ih.dl) . and U.15\) with Lq = — 2 (n- 2 ) ^ defined by {1. ?| ). 

(ii) Let V be the set of all points ofUsfMTc <Z M Xp N at which Sad is not proportional to Pad- 
Then on V we have: 


(7.8) C 


(n - l)pr 2 
(n-3)(n-2) 


n — 2 
2 


SAS-ngAS + gAS^ 


tr(52) - 
n — 1 



5 


(7.9) R-C + C-R = Q{S,C)+{L-—^ + - - " 

2(?7, —2) (n — 2)(n — l)pr 2 


Q{9,C), 


C-R = 


(7.10) 


^ 2 ) S-{n-l) PT 1 T 2 52 , G) 
9 A 0(S. S=) - —^ 0(9. C). 


(n - 2)‘ 


2{n-2) 


R-C = 0(S,C)+(l + -- 1 ^ )Q(g,C) + f 

V (n - 2)(n - 1 )pt 2 / (n - 2 )^ 

(7.11) Q((^ + (n - 1 ) pt^T 2 ) S-(n-l) prir 2 G). 

On the set {UsOUc)\V the Weyl tensor C is expressed by a linear combination of the Kulkarni- 
Nomizu products S A S, g A S and g A g. 


Proof, (i) Using (12. 2 h and (12. 3 h we can verify that the local components (G • C)hijkim and 
Q{g, C)hijkim of the tensors G • G and Q{g, C) which may not vanish are those related to 

(4.12) (G • C^aabcdp “TT o\2 9apCrdabc^ (G • C^aaP'ydp T7 oTTT q7 9adkRSo.P'yi 


4(n-2)2 
{ti — 1 )/^ 

{yRT) Qi^g, C^aabcdp 2{ri ^9oiyGdabcj Q(^g, o')aaP'ydS 


4(n-2)2(n-3) 
{n-l)p 


2{n-2){n-3) 


9adOsaP'y 
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(cf. [151 eqs. (8)-(ll)]). From fl7.12p and fl7.13p it follows that fll.91) holds on Uc <Z M Xp N, 
where Lc = — 2 (n- 2 ) P dehned by (I7.4p . 

We prove now that fll.Sp is satished. First of all, we recall that necessary and snfficient 
conditions for warped prodncts of two semi-Riemannian spaces of constant cnrvature satisfying 
that condition are given in im. In particnlar, when the base (M, g) is a 2-dimensional manifold, 
{N,'g) a space of constant curvature (when n > 5), then fll.Sp holds on Lie <Z M Xp N ii and 
only if 


K 


1 / n — 3 . ^ 

- - tr(r) H-AiF 

n - 2 2 V 2 F 


K L 
2 ^ n-2 


, n-3 FLk\ ^ 

\ I ^dabc 

n — 2 2 


(7.14) — (TabTcd — TacTbd) ~ f 4 Y ) (dabbed + QcdTab “ Qac^bd “ Obd^ac) 


on Uc (cf., [IZl Section 7, eq. (40)]). Applying in fl7.14p the relation fl6.2p and the dehnitions 
of the tensors g AT and T AT we obtain 


Fn + '^fl-k) G. 
n — 2 J n — 2 J 


Thie last equation, together with 


dabc — 2 ^ F)dabc “ ( 7 T + -^ ) (l? T)dabc- 


leads to 


(5 'Ar)i22 i = tr(r)G'i 22 i = tr(T) det( 5 (), 

^(TAr)i 22 i = Tnr22-(Ti2)' = -^ det(^)(tr(r2)-(tr(T))2), 


K + Fti + -—^ FLk] det(^) 

n — 2/ n — 2 J 

i (tr(T'^) - (tr(r))2) det(g) - (f + i ) tr(r) det®, 


K + 


2L \ „ n — 3 


n — 2 


Fti + 


FLk] 
n-2 J 


i (tr(r2) - (tr(T))2) -G + L] tr(T), 


2 n — 3 _ ^ 

Fti H--FK + tr(T)jL = 


n — 2 


n — 2 


-Fun - (tr(r^) - (tr(r))^) - yr(T), 


(ft. + („ - 3) + (n - 2 ) Ad]) L 

tr(T)\ . n — 3 


Tl — 2 

~2~ ' 2F J ' AF 

This, by making use of fl6.2p . fl7.2p and fl7.4p . turns into 


(tr(®) - (tr(r))- 


(n -l)pL = - 2) ( F ( T, + AT) + ^ (tr(r^) - (tr(r))2) ) . 


2F 
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which, together with fl7.3p and fl7.4p . yields fl7.7p . Now Theorem 3.3(ii) completes the proof of 
(i). (ii) First we prove that the following relation is satished on V: 


C — — A /\ A -\- (f )2 g /\ A -\- (f)^G -\- (j)i g /\ A? 


(7.15) 


(n - l)pT 2 


(n-3)(n-2) 

, _ (n - l)pr 2 


—-— A f\ A — tr(A) g^A + gf\A^ — -—— 

2 ^ {n-l)T2 


G 


(7.16) 


03 — 


n — 3 
P 


02 — 


04 = 


{n - l)pr 2 tr(A) 
(n-3)(n-2) ’ 
(n - l)pr 2 


(n-3)(n-2)’ (n-3)(n-2)’ 

where the (0, 2)-tensor A is dehned on V by fl6.4p . Let B be the (0,4)-tensor dehned on V by 


B = G-—AaA 
2 


:g A A - (psG - (p4g A 


where 01 ,..., 04 are some functions on V. Evidently, B is generalized curvature tensor. Let 
Bhijk be the local components of B. We have 

Bfiijk Gfiijk 01 (^Ahf^Aij AfijAifi'^ 02 i^ghkAij T g^jAhi^ ghjAi^ gikAhj^ 

03 {ghkgij ghjgik) 04 {ghkAj^j + gijAj^p, ghjA^j^ g^j^Af^j'). 

It is clear that B vanish at a point a: G E if and only if 

Gfiijk 01 i^Afii^Aij A}ijAik^ T 02 {^ghkAij T gijA^]^ ghjAn^ gikAfij^ 

T03 {ghkgij ghjgik) + 04 {ghkAj^j + gijAf^^ giijA^j. gikAj^j) 

at X. We note that from (16.4p and (17.ip it follows immediately that the local components Bhijk 
of the tensor B which may not vanish identically are the following: Bahah BabcS and B^/j^s- 
Thus we see that i? = 0 at x if and only if 

Gated 01 {AadAbc ^ac^fed) T 02 {gadAfyc T b^cAad gacAtd gbdAac) 


+04 (S'ad^bc “I" dacAd 9bdA^^), 


P 


2{n-2) 

P 


\(n — 3)(n — 2) 
at X. Further, (I7.17p . by 


+ 03^ PbePaS 02 ^bePaS + 04 
— 03 1 GaP'yS = 0 


, is equivalent to 


01 (^11^22 — ^12^12) — -^7-^ G122I, 

2[n — 6) 

{n-l)p 


(02 + tr(yl)04) Afec = 
P 




03 — 


(n-3)(n-2)' 



























23 


But this, together with fl6.7p . fl 6 . 8 p and the fact that Aah is not proportional to gab, leads 
immediately to fl7.16p . 

From 07.151) . by 06.31) . 06.5p . 06. 6 p and 07.16p . we get 07.8p . Now 01.15p . together with 07.71) 
and 07.8p . yields 07.9p . Using 01.5p . 02.14p and 07.6p we obtain 


C-R = C- {C + 


n — 2 


gAS 


2 9 A Q{g, + 1 ) Ta) 5 - (n - 1 ) S'^) 


K 


{n — 2){n — 1 ) 


G\ = C-C + 


n — 2 


gA{C-S) 


(n- 2 ) 

(n - 1 ) pt 2 
(n-2)2 


gAQ{S,S^) 


P 


2{n-2) 


Q{g,C) 


and in a consequence 07.10p . From 07.9p and 07.101) it follows immediately 07.1ip . 

From 06.ip and the fact that Sat is proportional to gab on {Us H Uc) \ U it follows that 
Tab also is proportional to gab on this set. Therefore, in view of Theorem 5.4, 01.7p holds on 
{Us nUc) \ V. Now using 01.5p and 01.7p we can express the tensor C by a linear combination 
of the Kulkarni-Nomizu products S AS, gAS and gAg. The last remark completes proof of (ii). 


Remark 7.1. (i) Let the curvature tensor i? of a semi-Riemannian manifold {M,g), n > 4, 
satishes 

(7.18) R = ^S AS + (j)2gAS + (l)3G + (PigAS‘^ 

on Us n Uc C M, where 0i, 02, • • • j 04 are some functions on this set. Evidently, if 01.4p holds 
at a point of Us AUc then 07.18P reduces to 01.7p at this point. We can prove that if the tensor 
S'^ is not a linear combination of g, S and at a point UsCiUc then the decomposition 07.181) 
is unique at this point. We also note that 07.18p . by 01.51) . yields 

(ii) Warped product manifolds M Xp N, dimM = 1, satisfying 07.18P are investigated in [M] . 

Example 7.1. (i) Let Ml = {(n,r) G : r > 0}, resp., M 2 = {{u,r) G : r > 0}, be an 
open connected non-empty subset of and let on Mi, resp., M 2 , the metric tensor Pi, resp., 
P 2 , be dehned by 

'giabdx°‘dx^ = —fidv‘^ + 2dvdr, 'g 2 abdx°‘dx^ = —f 2 du^ — 2dudr, 
where x^ = v, x"^ = r and /i = /i(n,r), resp., x^ = u, x"^ = r and 02 = f 2 {u,r), is a smooth 
function on Mi, resp., M 2 , and a,h = 1, 2. We consider the warped product manifold Mi XpN, 
i = 1, 2, of (Mj, Pj), i = 1, 2, and the 2-dimensional standard unit sphere {N,g) with the warping 
function F = F{r) = r^. (ii) (a) According to |71 Section 29.5.2] (see also [63l Section 9.5]) 
the Vaidya metrics form a simple class of timedependent generalizations of the Schwarzschild 
metric [87] . They can be obtained from the Schwarzschild metric written in ingoing or outgoing 
Eddington-Finkelstein coordinates by replacing the constant mass m by a mass function m{v) 
or m{u) depending on an advanced or retarded time coordinate. The metrics of the warped 
products manifolds M, Xp N, i = 1,2, dehned in (i), provided that fi{v,r) = 1 — 
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resp., f 2 iu,r) = 1 — are the Vaidya metrics (see, e.g., [3 eq. (29.15)] and [531 ^q. 

(9.32)]). (b) The metric of Mi Xp N, resp., M 2 Xp N, is called the generalized Vaidya ingoing 
metric, resp., outgoing metric (see, e.g. [3 eq. (39.16)]. In particnlar, the metric of Mi Xp N 
with the fnnction / = f{v,r) = fi{v,r) defined by f{v,r) = 1 — _ ^,A = const., 

f{v,r) = 1 — ^ 2 ^ — = const., f{v,r) = 1 — respectively, is named 

the Vaidya-Kottler, the Vaidya-Reissner-Nordstr0m and the Vaidya-Bonnor ingoing metric, 
respectively, (see, e.g. [3 eqs. (39.18), (39.19), (39.20)]). (hi) (a) For the manifold Mi Xp N, 
with fi{v,r) = 1 - we have: m' = ^, m = m{v), and Shk = 0 , if h 7 ^ n or 

k ^ V, = 0, K = 0, S ■ R = ^ g A S, C ^ 0, in particnlar C^rrv = —Moreover, 

1 771 

(7.19) C-C = R-R-Q(S,R) = - (R ■ C + C ■ R - Q(S,C)) = — ^Q(g,C). 

(b) For the manifold M 2 Xp N, with f 2 {u,r) = 1 — we have: Suu = — 

m = m{u), and Shk = t], ii h ^ u or k ^ u, = t), k = t), S ■ R = ‘^ g A S, C ^ t), in 
particnlar Curm = Moreover, we also have (17.191) (with m = m{u)). (iv) For the metric 

of the manifold Mi Xp N, with the fnnction / = f{v,r) = fi{v,r), we have 


*5.. = ^ (y/" + r/; - y/C ) 

1 2 
Sap = Ti go,p, n = ^ {-rfr - / + 1) , K = -^ 


1 / 

*5.. = --(y/" +r/; 


r 


frr + 2r/,^ + / — 1 


A — 8' 


'^1 Qvv - 


Ay^ Syy T\ Qyy 

- Sfy Qvv 0 ; 


y/" + 2r/; + / 


+/-1 


/ 


f 

J V 


9vri 

A^aP SaP r'l gaP 0, 


where = |^, /; = and /' = . We set rs = y/"^ - r/; + / - 1. Now we can state 

that Ml Xp N is a conformally flat manifold if and only if the fnnction ts is a zero fnnction. 
Fnrthermore, on Uq C Mi Xp N we have (17.51) and (I7.6p . with n = 4 and p = —|r 3 r“^, as well 


as (II.8p with L = ((/ — !)/'(. — 2 ifr) jTs ■ We also note that Mi is an Einstein manifold 

if and only if the fnnction / satishes on Mi the following system of differential eqnations 


y/rr “ / + 1 - 0) 


y/" +2r/;-y/]; + /-l = 0. 


It is easy to see that at every point of Mi Xj? 77 we have rankA = 2 if and only if at every point 
of Ml we have + / — 1 7 ^ 0. Finally, Aab is proportional to gab at a point of Mi x^? 77 if 
and only if at this point we have r/"^ + 2f^ — j/(, = 0 . 


Example 7.2. (i) Let Mi = {{u,r) G : r — 2m > 0 (or r — 2m < 0)} be an open connected 
non-empty snbset of and let on Mi the metric tensor 'g be defined by 

g^.^^du^ + 2g^.,.dudr Vg.^.^dr'^ = — exp{2l3) f du^ + 2exp{f3) dudr, 
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where = u, x"^ = r, f = 1 — and m = m{u, r) and /9 = /9(n, r) are some smooth fnnctions 
on M. Further, let 'g be the standard metric on the 2-dimensional unit sphere N = 

We denote hj g = g Xp'g, where F = F{r) = the warped product metric oi M Xp N. 
The metric g is said to be the general spherically symmetric metric in advanced Eddington- 
Filkenstein coordinates, see, e.g., [501 Section 4.1], (ii) The local components of the Ricci tensor 
S of M Xp N which may not vanish identically are the following 


Suu = - TT , ——r(-2rexp(-/3)m^ - (-3r^ -h 6rm)/S'm^ - (-r^ -1- 
r^\r — 2m) 

_(^3 _ 2r‘^m) exp(—— (2r^ — 5rm -|- 2Tn^)/3' 

_(^3 _ 4 ^ 2 ^ 

Sur = exp(-/3)/3"^ + + rm"^ + (- 2 r m)/3'd- (-r^ + 2rm)((/3')^ - 1 - I3”^))gur, 

2 1 
Srr = -Pr, = Ti g^^, See = Tigee, n = —( 2 m^ - (r - 2m)/3'), 


where g^^ = r‘^ g 4 , 4 ,, g 4 > 4 > = I, gee = r'^ gee, gee = sin^ 0 and m'^ = ^ 

_ 8'^ P 

Qr^ 1 yur Qu dr 


dp 


_ 777 ^^ 

dr ’ ‘'rr 


d^rn 
8r'^ ' 




_ dm o! _ 

“ du^Pr — 

Q^,firr = class of the general spherically symmetric metrics g we 

also have non-Einstein metrics. For instance, from the above formulas it follows immediately 
that the metrics g with Srr 7 ^ 0, i.e. with /3' 7 ^ 0, are non-Einstein metrics. Moreover, for such 
metrics Sah are non-proportional to gab, a.,h = 1 , 2 . Some general spherically symmetric g also 
are non-conformally flat metrics. Namely, the metrics g satisfying 


r^(exp(-/?)/3'0 - 1 - (/3')^ -f j3”^) — + P'r + 2m(/3')^ 2m/3"^ - 1 - 3/3'm^) 

—r(5m/3' - 1 - 4m^) — 6 m = 0 


are non-conformally flat. This means that for some general spherically symmetric metrics g the 
set V, defined in Theorem 7.1, is a non-empty subset of Us r\Uc G M Xp N. 


Example 7.3. (i) Let M = {(t,r) G : f > 0 and r > 0} be an open connected non-empty 
subset of and let on M the metric tensor g be dehned by gabdx°'dx^ = dt^ -|- R‘^{t)dr^, 
a,b = 1,2, where x^ = f, = r, and R = R{t) is a smooth positive (or negative) function on 
M. Let M Xp N he the warped product manifold of the manifold (M, g) and the 2-dimensional 
standard unit sphere {N,'g) with the warping function F = F{t,r) = {f{r)R{t))^, where 
/ = /(^) is a smooth positive (or negative) function on M. We denote by <7 = ^ X 7 ? ^ the 
metric of M Xp N. We mention that the metric g was considerd in |65l Section 4] (see also [661 
Section 6]). (ii) We set po = (//;; - {frf + l)(/R)■^ where fl = %. and /;; = We can 
check that the Weyl conformal curvature tensor C of g is a zero tensor if and only if po = 0 
on M. Further, we have S '12 = S '21 = 0, Sn = Xigu, S 22 = X 2 g 22 , S^p = n gap = {fR)^Tigap, 
a, j3 = 3, 4, where 

j ID gjDf 

W = -3R':,R-\ R[ = R" = ^, A 2 = -(/Ri?"+2/(R()2 + 2/;;)/-lR-^ 

n = -(/ 2 /? i ?"+ 2 / 2 ( R ()2 + //" +(/;) 2 _ i )(//?)-2 = A2 + P0 
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and ^a/3 are the local components of the metric 'g. (iii) From (ii) it follows that Ai = A2 if 
and only if = Ci and = Cif and Ci = const, on M. (iv) If po is non-zero 

at a point of Uc C M Xp N then in view of (ii) S' — | p 7 ^ 0 at this point. Thns we have 
Uc cUs C M X F N. Moreover, the following relations are satished on Uc 

R-R-QiS,R) = -lp,Q{g,C), C-C = -\p,Q{g^C), 

3 D 

R-C + C-R = Q{S,C)-hK + 2p^)Q{g,C). 

0 

(v) If A = Ai = A2 at a point of Uc then Sah = A gab-, and by fl4.2p . Tab = gab at this point. 
Let V be the set of all points of Uc having this property. From (iii) it follows that for some 
fnnctions / and R the set V is non-empty and in view of [471 Theorem 4.1] we can state that 
(OI) holds on this set. (vi) If Ai 7 ^ A2 at a point of Uc then Sab is not proportional to gab at 
this point. Let V be the set of all points of Uc having this property. From (iii) it follows that 
for some fnnctions / and R the set V is non-empty and in view of Theorem 7.1(ii) we can state 
that fl7.8p - fl7.lip hold on this set. 
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